In the present article, we introduce a general sequence of summation-integral type operators. We establish some direct results which include Voronovskaja type asymptotic formula, point-wise convergence for derivatives, error estimations in terms of modulus of continuity and weighted approximation for these operators. Furthermore, the convergence of these operators and their first order derivatives to certain functions and their corresponding derivatives respectively is illustrated by graphics using Matlab algorithms for some particular values of the parameters c and ρ.
Introduction
In the last five decades, several new operators of integral type have been introduced and their approximation properties were discussed by several researchers. Milovanovic et al. [12] (see also [13] , [14] ) in their book covered some topics on the behaviour of some polynomials in real and complex domains. In the last decade, q calculus was also applied extensively in the theory of approximation of functions by linear positive operators. Aral, Gupta and Agarwal compiled the results on convergence of various q-operators in their book [4] .
Very recently, Gupta and Agarwal [9] and recently Gupta and Tachev [11] also presented convergence estimates of many operators in real and complex domains (see also some of the papers [1] , [2] , [6] , [7] , [8] ). In continuation of the above work, Pȃltǎnea [16] (see also [18] ) considered a Durrmeyer type modification of the genuine Szász-Mirakjan operators based on two parameters. Motivated by his modification, we now propose for f : [0, ∞) → R, a general hybrid family of summation-integral type operators based on the parameters ρ > 0 and c ∈ {0, 1} in the following way:
where
For the space defined as:
it is observed that the operators B ρ α ( f ; x, c) are well defined for αρ > γ. Further, we note that the operators (1) preserve the linear functions. Special cases:
1. If φ α,0 (x) = e −αx , then p α,k (x, 0) = e −αx (αx) k k! , we get the operators due to Pȃltǎnea [16] . Also, for this case if ρ = 1, we get the Phillips operators [17] .
with the rising factorial given by (n) i = n(n + 1) · · · (n + i − 1), (n) 0 = 1. For ρ = 1, we get the operators studied in [3] .
3. If c = 0, α = n and ρ → ∞, then in view of ( [18] , Theorem 2.2), we get the Szász-Mirakjan operators. 4 . Similarly, if c = 1, α = n, f ∈ Π, the closure of the space of algebraic polynomials in space C[0, ∞)) and ρ → ∞, we obtain at once Baskakov operators.
The aim of the present paper is to discuss some direct results for the generalized operators (1) . We obtain asymptotic formula, point-wise convergence for derivatives, error estimations in terms of modulus of continuity and weighted approximation. The convergence of these operators and their first order derivatives is also illustrated by using Matlab algorithms.
Basic Results
In the sequel, we need the following lemmas. 
then, µ α,0 (x) = 1, µ α,1 (x) = 0 and there holds the following recurrence relation:
Consequently, (i) µ α,m (x) is a polynomial in x of degree atmost m depending on the parameters c and α;
denotes the integer part of s.
Proof. We shall prove the result for different values of c separately. First for c ∈ {0, 1}, using the identity
, we may write
Next, using the identity
we have
which is the required recurrence relation. The consequences (i) and (ii) easily follow from the recurrence relation on using mathematical induction on m.
Corollary 2.3. Let γ and δ be any two positive real numbers and [a, b] ⊂ (0, ∞) be any bounded interval. Then, for any m > 0 there exists a constant M depending on m only such that
where . is the sup-norm over [a, b].
Convergence Estimates
Our first main result is the Voronovskaja type theorem for the operators defined in (1).
Proof. From the Taylor's theorem, we may write
where the function ψ(t, x) → 0 as t → x. Applying B ρ α (.; x, c) and taking the limit as α → ∞ on both sides of (4), we have
In view of Remark 2.2, we get
Now, we prove that αB
Since
Let χ δ (t) denote the characteristic function of (x − δ, x + δ). Then
Further from Remark 2.2,
which is a finite quantity for each fixed x ∈ [0, ∞) thus from (7)-(9), we get
Combining (5), (6) and (10), we obtain the desired result. 
Fi ure 4
Fi ure 5
Fi ure 6
In the following theorem, we show that the derivative
is also an approximation process for f (x).
Proof. By our hypothesis, we have
where the function ψ(t, x) → 0 as t → x. From the above equation, we can write
Taking limit as α → ∞, the result follows immediately, if we show that
By using the identity
=: I 1 + I 2 .
Since ψ(t, x) → 0 as t → x, for a given > 0 there exists δ > 0 such that |ψ(t, x)| < whenever |t − x| < δ. For |t − x| ≥ δ, we have |ψ(t, x)(t − x)| ≤ M 1 e γt , for some M 1 > 0. Thus, from equation (11) we may write
Using Schwarz inequality for integration and then for summation, we can write
Since > 0 is arbitrary, J 1 → 0 as α → ∞. Next
, for any m > 0.
By taking m > 1/2, J 2 → 0 as α → ∞. Combining the estimates of J 1 and J 2 , we get I 1 → 0 as α → ∞. Finally, we show that I 2 → 0 as α → ∞. Since |ψ(0, x)x| ≤ M 2 and for c = 0, 1, we get φ α,c (x) → 0 as α → ∞, it follows that I 2 → 0 as α → ∞. By combining the estimates of I 1 and I 2 , we get the required result. 
where lim t→x ψ(t, x) = 0.
From equation (13), we obtain
Using Lemma 2.1, we get
Taking limit as α → ∞ on both sides of the above equation, we have
Proceeding in the same manner as in Theorem 3.4, we can easily show that
x, c) is finite for each x ∈ [0, ∞) in view of the consequences (i) and (ii) of Lemma 2.1. Thus, the proof is completed.
For f ∈ C B [0, ∞) (the space of all bounded and uniformly continuous functions on [0, ∞)), the Peetre's K-functional is defined as
where δ > 0 and C 2 Devore and Lorentz ([5] ,p.177, Theorem 2.4), there exists an absolute constant C > 0 such that
where the second order modulus of continuity is defined as 
From the Taylor's theorem, we may write
Taking infimum on the right hand side over all ∈ C 2 B [0, ∞) and using (15) , we obtain the desired result. Hence, the proof is completed.
Let us now consider the Lipschitz-type space [15] :
where M is a positive constant and r ∈ (0, 1]. Theorem 3.9. Let f ∈ Lip * M (r). Then, for all x > 0, we have
is a monotone increasing function of δ;
(ii) lim δ→0 + Ω( f, δ) = 0;
(iii) for each m ∈ N, Ω( f, mδ) ≤ mΩ( f, δ);
(iv) for each λ ∈ [0, ∞)
, Ω( f, λδ) ≤ (1 + λ)Ω( f, δ). )Ω( f, |t − x|)
Since B ρ α is linear and positive, we have
Using (2), we have 
Applying Cauchy-Schwarz inequality to the second term of equation (18), we have 
Combining the estimates of (18)-(21) and taking K = 2(1+K 1 + √ K 1 +K 2 √ K 1 ), δ = 1 √ α , we obtain the required result.
